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Abstract

This document provides easily understandable derivations for all important V operators applicable to arbitrary orthog-
onal coordinate systems in R® (like spherical, cylindrical, elliptic, parabolic, hyperbolic,..). These include the laplacian (of
a scalar function and a vector field), the gradient and its absolute value (of a scalar function), the divergence (of a vector
field), the curl (of a vector field) and the convective operator (acting on a scalar function and a vector field) (Section 3). For
the first two mentioned special coordinate systems the operators are calculated using these expressions along with some
remarks on their simplifications in cartesian coordinates (Section 4). Alongside these calculations, some useful derivations
are presented, including the volume element and the velocity components. The Laplacian as well as the absolute value of the
gradient are also calculated the clumsy way (ab)using the chain-rule (Section 1). Using the same tedious way as in section
1, the angular momentum operators arising in quantum mechanics are derived for spherical coodinates (Section 2) only.
Furthermore, all important product rules for the V operator, which are utilized throughout the derivations in section 3, are
proven using the Levi-Civita-Symbol and the Kronecker-Delta (Section 5).
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1 THE LAPLACIAN IN SPHERICAL COORDINATES -

1 The Laplacian in Spherical Coordinates - The Tedious Way

THE TEDIOUS WAY

In this section the Laplacian operator acting on a scalar function is derived for the special case of spherical coordinates
only. The way presented here and often described in physic books is very tedious and involved, though only the very basic
concepts of partial differential calculus are used here. However, the operator may be calculated way easier using the method

decribed in (Section 3) and carried out in (Section 4)!

Recall the definition of the Laplacian in cartesian coordonates:
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1 THELAPLACIAN IN SPHERICAL COORDINATES - THE TEDIOUS WAY 2
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1 THELAPLACIAN IN SPHERICAL COORDINATES - THE TEDIOUS WAY

Using equation (16),(17),(18) we obtain the Laplacian:
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The absolute value of the gradient in cartesian coordinates is:
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Using equations (10),(11),(12) and (x+y + z) =x2+y2+2242xy +2xz+2yz we get:
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2 THEANGULAR MOMENTUM OPERATORS IN SPHERICAL COORDINATES 4

2 The Angular Momentum Operators in Spherical Coordinates

Using the same technique we calculate the spherical angular momentum operators:
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3 'V OPERATORS IN ARBITRARY ORTHOGONAL CUVILINEAR COORDINATE SYSTEMS 5

3 V Operators in Arbitrary Orthogonal Cuvilinear Coordinate Systems

The Laplacian! (of a scalar function and a vector field), the gradient and its absolute value (of a scalar function), the diver-
gence (of a vector field), the curl (of a vector field) and the convective operator are often tabulated in appendices for special
chosen ortho-curvilinear coordinate systems like polar and spherical coordinates. In this section we will derive a general
expression for all the operators mentioned for any curvilinear orthogonal coordinate system in three dimensions using only
basic concepts of algebra and calculus. (No Christoffel Symbols necessary)

We will start with some simple observations:

The chain rule gives:
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Iproof for Laplacian of a scalar function, for the divergence and gradient are outlined in [1], based on [3]: H. Margenau and G. M. Murphy, 'The Mathe-
matics of Physics and Chemistry’, D. Van Nostrand Co., Princeton, 1956, pp. 150-175
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To see that this expression is correct we will derive it yet another, though similar way (outlined in [6]). First we formally write
down the unit vectors at some point in space defined by the curvilinear coordinates g = (q1, g2, g3) by the following equation:
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Now we will construct the gradient of a scalar function f = f (g) with unknown components g;, i=1,2,3. We first note the
following facts and use total differentiation:
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Where the orthogonality was used in equation (39). Now, by comparison of (39), (40) we identify the g;’s:
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Hence we reconstruct the gradient by plugging in the formely unknown coefficients:
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...which is exactly the equation we derived before (37)!

From now on we will proceed in a straight-forward manner to get all the other vector operators involving V using several
tricks, utilizing the right-handedness and orthonormality of the coordinate system for example. The first thing we will find
is the divergence expression which is necessary in order to find the Laplacian. Here a simple product rule is used (proof in
appendix):
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The last term in the sum in eqn (41) is not equal to zero for non-cartesian coordinate systems!
We will need some preparing steps in order to compute V - e;. Using equation (37) with f = ¢g; we get:
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Where the right handedness of the system was used and the vector identity (or productrule) V- (vXwW)=w-V Xv—v-V xW
as well (see appendix for proof).
We will furthermore encounter the following expression which we derive now:
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Using equation (44) and appropriate cyclic permutations of the previous equation we have:
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If we now set g=V f we get the Laplacian in curvilinear orthogonal coordinate systems:
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1 5( Q 3111) 3( Q2 36]2) 5( Qs 3%)
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The next operator we calculate is the curl of a vector field g:
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where we used the vector identity V x (gA) = gV x A+ Vg X A (see appendix for proof).

Considering cyclic permutations of equation (48) for V x e; (namely the ones we already used in equation (49)) the only thing
left we need is V g; x €; in order to write down equation (57) explicitely. We use the equation for the gradient developed before
(using two different methods), equation (37), and change the indices (here j is the running index, since i is reserved for the
index of g in this calculation) to do the last mentioned . We also use the fact that e; x e; =0 for i = j:
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Hence we finally get our searched for expression:
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In the last short formula we realized that the terms belonging to e; represented the i-th coordinate of a cross product of a
formal vector with j-th component aiqj and a vector with k-th component being Q. gi. It is Important to realize, that the
unsymmetric identities we derive rely heavily on the fact, that {e;, e,, e3} form a righthanded system! Thus, one should be
careful when identifying the unit vectors in a curvilinear orthogonal coordinate system with the e;’s in the right order and
also to identify the corresponding coordinates of the vectors in this space with the g;’s, or, later on, the A;’s and B;’s.

The last operator will be the Laplacian of a vector field, say g, which is a vector defined as:

Vg = Ag:=(V-V)g=V(V-g)-Vx(Vxg) (60)
Where we will use equations (37), (51) and (59) we derived before for the gradient, divergence and the curl of a vector and the

vector identity Vx (Vx g) =V (V-g) —(V-V)g . Sometimes the symbol O is used to distinguish the vector Laplacian from
the scalar Laplacian. Expression (60) is somewhat nasty to write down and won't get too much easier writing it this way:
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. f_a _m( 2 om D N g _m( 2. om ) N 0 [@Zi:uf’m (QleQS%)] -
° \ Q1Q20q: Q1Q20¢2 Q3943 )

Using equation (37) without f, which is, so to say, the definition for the V operator in curvilinear coordinates and e; - e; = 6 ;
one gets the so-called convective operator acting on a scalar function f:

(8V)f (81€1+ g2€2+ g3€3) (el 2 g 0 )]f

+e +e
Qi19q zQzaﬂh 3Q33%
0 0 0 3.g; 0
810 80f §df _N8&of

(62)
Qdq Q0dq: Q39qs “=Qidqg;

We can get an explicit formula for the convective operator acting on a vector field A using the following two vector identities
(adding eqns. (63)4(64), proofs for both given in the appendix):

Vx(AxB) = A(V-B)-B(V-A)+(B-V)A-(A-V)B (63)
V(A-B) = Ax(VxB)+Bx(VxA)+(B-V)A+(A-V)B (64)
Vx(AxB)+V(A:B) = A(V:B)—B(V:-A)+2(B-V)A+AX(VxB)+Bx(VxA) (65)
Hence we get a usable representation:
(B-V)A= % [Vx(AxB)+V(A-B)—A(V-B)+B(V-A)—Ax(V xB)—B x(V xA)] (66)

In this expression only known and derived expressions like curl of a vector, divergence of a vector and the gradient of a scalar,
A; B;, are present and could therefore be expressed in a general way. However, it is an insanely lengthy equation for which an
easier form will be derived using a different approach, basically by observation. Anyway, finally, just for completeness sake
of this script I will write down the formula for the convective operator acting on a vector field A in curvilinear orthogonal
coordinates:
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3
€ijkQi 0 (Qr€rimAiBn)
B-V)A J —...
( ) Uzle 2Q1Q2Q3 aq; Z 2Q16q,

> B; 1 &9 A
i - iBi— D - T ee
Ze 2Q1Q2Q3 Z 24i (QIQZQS Qi) +;e 2Q1Q:Q3 ; 2q; (Q1Q203 Qi)

€ijkQi 2(QBr) < ‘ S ekQi 2(QrAr)
ZegEghlAhZZQ@zQ:«s aq; _ZegeghlBhZZQleQs aq;

g=1 Jik=1 g=1 Jrk=1

w

1
Mw

2Q10Q2Q3 aq; 2Q;0q;

e (ZS: €ijkQi a(QkEklmAle)+a(Apo)) ~

1

J, k=1

>0 > 0
(201@203 Z:a_ (QleQSQ ) 2Qi Q Qs Z:a_ (QIQZQSE)) o

€kimQk 9 (QmBm) €ximQr 9 (QmAm)
(eljkA] Z 2Q01Q:Q3  9q; €ik B lmzl 2Q01Q:Q3  9qy ) (67

i Mw i Mw

For e; we will write down the term explicitely, using eq. (66), and later on consider cyclic permutations to get the results for
the other 3 coordinates and find the general formula.

(2(B-V)A),
A1B, —A> By @ _ A3By — A B3 @ n 9(A1B,— Az By) _ 0(A3B1— A1 B3) _
Q2Q3 aq: Q2Q3 aqs3 Q204> Q3943
A ( B, 0Q: B an_l_ 0B, J0 B ) A ( By 0O Bs 3Q3+ 0B, 0 B3 )
Q2 0q1 Q1Q270q, Qidq1 Q204 Qi3 9qg3 Q13 dq1  Q39gs Qidqu
( AZ aQZ Al an aAZ aAl ) B ( Al an A3 aQ?} a141 aA3 )
QQ: g Q¢  Qoq Qg QiQs 9qs QiQs g1 ' Q30qs Qidqn

3 (A1By+As By + A3 B A
: lzlﬁzchﬁ = QIQ;QS( (QQaBI+5 (010332”—(01@233))

( (Q2Q341) + o (Q1Q3A2)+ - (QleAs))

B
Q1Q:Qs
Ay Bz an A By 3Q3 A3 B, an A1 B3 an A1 832 B, 3A1 Ay aBl B, aAz

QQ3 99s Q:Q3 0  QuQ3 g5 Q3 03 Q2 3G, Q2 9qs Q2 9qy Q2 O
A3 0By Bi0As A OBy By 0

Qs 9gs Qs39qs Qs 9gs Qs 93
A,B, 0Q, A»B10Qy A, 0B, A, 0By A3By dQy A3B3dQ3 A30B, A3 0Bs

=y +222 0 +
Q201 Q1Q20q. Q1 dqy Q20q: Qi1Q3 g3 QiQ3 g1 Q3 9g3 Q1 9qy
BiA; 3Q:  B,A\OQi By 0A; By 0Ai _BsAi0Qi  BiAs 0Qs By 0A By dAs

=2y oy
QQ: g QQ20q: Qi oq Qg QiQs g5 QiQs dqn Qs dgs Qi dqn
Ay 0By By JdA; A, 0B, By, JdA, A3JBs; BsdAz

A At el RO, +
Qo Qudq Qdq Qi oq Qi dq Qi dq
A1 0By A1 9B, A 0By AB9Qs A B JQ, AB 3Q3 _A1By an A1 B3 an A1 B3 aQl

Qg Qdg Qg QiQsdqi QQ: dqn QQs dg: QiQ: g Q:Qs 9qs  QiQs 3613
By A, B10A, BiJdAs BiA19Qs BiA1J9Q: B1A20Q3 B1A Q1 BiA3 0Q, BiA3 9Q

SO A c s LTS LT = = i 21
Qdq Q0qg Q30qs QiQ:s0q1 QiQ20q1  Q:Q39q, QiQ2 g2 Q:Q3 g5 Q1Q3 943

B, 0A B; 0A A, B A>B A3 B A3 B B, 0A

) 0A; 3 0A; 2B2 0Q2 2213Q1 2313Q1 3B3 0Q3 2_12 68)

=20 + =4
Q0q: Q3993 QiQ20q Q1Q2 992 Q1Q3 9g3 Qi1Qs 0qu Q1 0q

Where in the last line expressions are noted in the order of appereance of non-vanishing twice appearing terms. (You may
print out the page and cancel the terms by yourself to check the result)
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3

By 0A1 A oQ an) As ( oQ aQ3)
B-V)A), = il Bl - B B2 B
(B34 ;Qk 6c/k+Qle( 2; g ) Qe g o
3
By 0A;  As 0Q; aQ3) Ay ( 0Q; aQ1)
B-V)A = B,—— — B3—— B,—— —Bi——
( JA): ;Qk 8qk+Q2Q3( s g, +Qle oq 135]2
3
BrdAs A 0Qs an) Ay ( 0Qs an)
B-V)A = B3;—— — Bj—— B3—— — B,——
( A = Qk 56]k+Q1Q3( 3aﬁh Yoqs +QzQ:«x 356]2 za613

11

(69)

(70)

(71

Where cyclic permutations of 123 were used to get the formulas for the second and third coordinate. Summarizing, we can

write down the general formula for the convective operator in curvilinear orthogonal coordinates:

3 3
B 0A; A; 2Q; &‘Qj)
B-V A: i + B B-_
(B-V) Ze ZQk qx JZZI:Q:'QJ' ( oq; 7 oa

i=1 k=1

(72)

For a curvilinear orthogonal righthanded (only important for the last 3) coordinate system we have

1 9r(q1,42,93)
Qi 24;

ox)? 2y \* 2z\* 3
o = ¢ (6’_%) *(a—qz-) *(a—qi)’ v = ]]oada

3 3
ds = ”ZQquf; dr = ZQidqiei
i=1 i=1

Vf = ie’{Qlanql} Vi = ié(%)z

i=1

x = x(q1,959); vy = y(q.,q,q); z z2(q,9293); e =

1 - 2 (QiQ:Qs 5f) 3.5 ( Ai)
Af = —11; V-A = - _
! @1Q:0s [i=1 94 ( Q94 Qlenga QlQZQBQi
2 A; 9 S
Avf = Z—.—qf. v o= Q)
i=1 <t T =

3 3
_ ! By 3A,- Ak .@_ @
(B-V)A = Zel Z; [Qk oqx * QiQx (Bl 94k B o4 )]}

3
VXA = ;ei(QleQsjkzleuk (QkAk)

2. 5 Ay > Qieijr 0 5 €kimQ2 3 (QmAm)
Qidq: (QleQs ;3_ (QIQZQSE)) _].;1 Q1Q:Qs 24; l,rrzz:l Qi1Q:Qs  Iqu
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4 Examples using the General Expressions

These examples demonstarte the ease of use of the derived equations, first for spherical coordinates:

x = rsinfcos¢; y = rsinfsing; z = rcosH; {er,eg,e¢,} (73)
Q> = sin*Ocos® ¢ +sin® O sin® ¢ +cos’f =1 =Q,=1 (74)
5 = r?cos’Ocos’p+ricos’fsin®p +sin’0=r> =>Qp=r (75)
Qé = rzsinzﬁsin2¢+rzsinzecosquzrzsinze =Qy =rsinf (76)
1 QoQy 3f) 2 (Q rQ 5f) 4 (QrQe 6f)}
Af = +— — === 77)
! QQeQ¢{ f( Qr o0\ Qy 00 ¢ Qp 9¢
_ i 1n98f +i rsmBé’f r ﬁ_f
o2 nH or o0 ¢) rsin@ d¢
10 f o 1 o*f
= ——|[rr=2 — [ sing==% 78
rzé’r( ar) r251n93 ( ) r2sin? 0¢° 8

of 18f 1 of

vio= &G T30 T sinog ¢ (79)
oxg = o (9(Q8s) (o)), e (2(Qa) 2(8s)), e (L) _2(@z))
7 o, | a0 29 )7 QQ, " 29 or QQs \ or 26
e [9(rsinfgs) a(rgo) L 2(g) 9 (rsinfgy) +e_¢(5(rge)_3(gr))
"~ r2siné o6 o¢ rsinf \ o¢ or r or o0
e 3(sin9g¢) 280 o[ dgr 8(rg¢) e, (0(rge) 28
= rsin@( 6 a¢)+ (sinaa¢_ ar +7( ar _ﬁ) (80)
1 %
Vg = 50,0, [a—(Qqubgr) H(QrQ¢ge) ¢(QQ98¢)}
1 0 % 7
= oo [E(r sint,) 30 (rsmHgg)—i—a(p (rg(p)}
1 0 1 1
- 2or (ngr) + rsin 86 (sinfgo) += g rsin@ 5¢ (g¢) @D
Ag = -Vx(Vxg+V(V-g
_ e 7 [g (%ﬁre)_ aa%)] d {% (sijégéqy - a(;§¢))]
~  rsind a0 - o9 a
o (2l (- 3)] o [(2-59)
T\ sin@d¢ - or -
o [2([(E-)]) o[ (02
T ar - 60 +--¢
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2 2
4 Iirlzﬂ(rzgr)-i- rsinf 6’0 (smHgg) rSilneﬁ(g‘p)]
e ar +
2 2 (i 2
O [F 5 (e + oy (sin00) + 7 35 (80)]
o rae
d [r%%(rzgr) rsm@ 39 (sm@gg) rsilnﬂﬁ(gqj)]
Co rsinf0 ¢
~ e 132(rg,)+ 1 9%g, 1 0%g, cotl g, 2 agg 2 08y 28 _ZcotH +
~ "\r arr 2002 T 2sin20 992 2 00 12 30  r’sind 3¢ r? 2 8
e 10%(rge) 1 0%ge 1 9%gy cothdgy 2 cotd é’g¢ 3 00— 8o N
“\r ar r?2 0602 = r2sin?0 0¢? r2 90 r?sinf 6¢ r2sin® 0
o 10%(rgey) 1 0%g4 1 9%gy cotl gy 2 0gr  2cot 9gp 8y
\r oz " r226% ' r2sin?0 8¢ ' > 00  r’sinf d¢ r’sinf ¢  r2sin’f
2089 2gpcotl 2 0gy
= e|Ag, —Z - ——=
€ ( &2 20 r2 r2sin@ ¢ *
208, 8o 2cos@ 3g¢)
Agy+— == — - +...
eg( 897230 T Zsin?8  rZsin@ 2¢
8o 2 0Jgr  2cosf 0gy
Ag, — —or 27 82
e¢( ¢ rzsin20+rzsin0 ¢  r?sin®’@ 9¢ (82)
(83)

Using Scharz’ theorem many derivatives dropped out and terms vanished. But still, it would take a lot of time to get the result

stated in the last lines. (Forget the before mentioned ease for this one)

By 0A; Aj 7 2Q;
(B-V)A = el > o+ / (B 9Q: Bj&)
i=rp,0 | k= r¢er 2 j2ra QiQ 94 94
_ BaAr Bg JA;, B(p JA, BQA9+B¢A¢ n
B r 00 rsin@ 0¢ r
aAg Bg JdAy By 0Ag BpA, B¢A¢C0t9
ey | Br : - +
6r r 060 rsinf Jd¢ r r
BaA¢ Bg 5A¢ B¢ 6’A¢ B¢Ar B¢A9C0t9
Co\ " ar r 06 rsinf 0¢ r r
For cylindrical coordinates we find the following identities.
z = z; X = rcos¢; y = rsing; {er,e,p,ez,}
o = (@) G (%)
b 24 2qi 24
Q> = 0°+ricos’g+rising=1 =Q,=1
5= 0+risinfg+ricos’g=r  =>Qy=r
Q= 1P+0°+0*=1 =>Q.=1
0 2 0 7 0 0 Qg 0
NI el Q¢Q f)+_ QQ. of +_(QQ¢_f)
QrQ:Qy | Or Qr ar) 9¢ Q¢ 5¢ 9 Q: dz
1 6 6f 10f 10 rﬁf +162f+82f
= rlarUar rog  rar\ ar) r2o¢* 0z2

(84)
(85)

(86)

(87)
(88)

(89)
(90)

D
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Vf = e—=—+e ——+e— 92
! Yor  ’r "0z 6

V x _ €r 0 (ngz) _ 0 (Q¢g¢) + €y (a (Qrgr) _ 0 (ngz)) n €z 0 (Q¢g¢) _ 0 (Qrgr)
87 e a9 2z QQ. \ oz ar )T, \ ar 29

_ &(5(&) 3(rg¢))+e¢(5(gr)_3(gz))+3(3(rg¢)_a(gr))

a 9z ar or ¢

2¢ oz
10g. @ g 08 10 (r 10g,
_ er(_i_ﬁ)Jr%(_g__g)ﬂz(_ﬂ___g) 93)

r ¢ 0z 0z or

1

v.g = QQ¢Q¢[ (Q¢ngr) ¢(Qng¢) Z(QrQrsz)]

= % [E (rgr)+ % (g¢) + ;—Z (fgz)]

B 10 138¢ agz
- __(rgr)+ a¢

ror
Ag = -Vx(Vxg)+V(V-g)

(94)

o’g 1azgr+a2g, 10g, 208y & 4
é’rz r26¢2 0z> r dr r?d¢ r?

e (%280 10°8s 0%8y 108 208 8
¢ arz a9t Tz Trar Trag
1 0%g, azgz 1 6gz

ar2 r2 o¢? c’7’z2 r

20 2 g,
- er(Agr——ﬁ——)w( &8 )+elag) 99

(B-V)A

By oA; A (B 6Qi_ 501)
k,z¢Qkaqk QQ;

2

_ ( 2A, Br¢aA aA M)+
“(+5
“(»

j=rz.¢

o¢ r
B JA 3A By, A
20770 4, ¢+ ¢ ')+...
r 0¢ r
6‘A B JA, 6A
. z ¢ +B, z
3r ¢ dz

(96)
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An important thing to note is, that only in cartesian coordinates, the Laplacian of a vector field decomposes solemly to the
Laplacian of each coordinate times the corresponding unit vector (using eqn. (62)):

Ag=(V-V)g=-Vx (Vxg)+V(V-g) =eAg.+eyAg, +e,Ag. 97)

Since we have for the simple cartesian case:

0(0gy/0x—0g:/0y)  0(0gx/02-0g:/0x) Bzgx 4 08 | P ang n azgl 4 P

( ay ) ( 0z ) 6x6y dx0z 0z

—_ | 9(98:/02—0g:/0x) 2(0gy/9x—0gx/0y 3zgv o2 Z8 o’g. — 5 gv 5 8) 2’8y

Ag_ 0z - Ox + ﬁxﬁy + +€yaz - x2 + 2y + 52 0z

9(08x/02-08:/9x) _ 9(08:/0y=0g,/0z) % 5 8y O g gz 4o

ox - dy 0xdz " 9ydz " 927 ox? 922

Also notice the simplified version of the convective operator in the case of cartesian coordinates.
BXax+By_+BZaz Ay
2
BvA = > {| D B]a Aife= > { > B]a e = Bxax+Byay+Bzaz Ay | ©8)
i=x,y,z j=x,5,.z i=x,y,z | j=x,5,2 Fl

Big:+By 5 +B. 5 ) A

Looking back at page 6 we can find further interesting facts: For example we get for the differential ds of the line-element,
using orthonormality again (ex - e; = 6,«) and the expression we found for dr:

3
ds? = dr-dr = Q%dg? +Q2dq? +Q2dg? = ds = > Qidg? 99)

i=1
The infitisimal volume element is obviously easily calculable using the parallelepidial product of the scaled parts of the
vector dr:

3
dv= H(Q1dq1el)' [(Q2dgze2) x (Qsdgses)] ” =01Q:2Q3 dg1dg.dgs = l_[Qidqi (100)

Where we used ||e; - (ez % e3)|| = 1. For spherical and cylindrical coordinates we get the well-known expressions which are also
derivable via graphical observation or, more formally, from the Jacobian due to the general change-of-variables-theorem:

dV,. = r?sinfdrdfd¢ (101)
dV,. rdrdzde (102)

As another application in between we consider the velocity in curvilinear coordinates using again the derived expression for
dr and differentiating it with respect to time.

3
. or dg; d
=r=v=lzaql 99— Qe T4 0ue, U 1 Qe Zqu,e. (103)

Hence we get for the absolute value of the velocity (acceleration is more involved!), which is important for expressing the
kinetic energy %m v? in dependence on the curvilinear components of the velocity:

o 2 2 2 = 2
vi=rr=Qq +Qq: +Q5qs = v = ZQ% qi (104)
i=1

For spherical and cylindrical coordinates we get, by using common coordinate notation:

.2 -2 -2
v2 = 1 +r’9 +r’sin’0 ¢ (105)

sph.c.

2 .2 -2
I (106)

oyl
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5 Proofs for the V Product Rules

Throughout this section we will make extensive use of the Einstein summation convention (summation over every repeated
index), the Kronecker-Delta 6;; (1 for equal indices, otherwise: 0) and the Levi-Civita-Symbol/Pseudo-Tensor (sometimes
called the permutation symbol) € (1 for even permiations, —1 for odd permutations, 0 for at least two equal indices). Defini-
tions can be found in [5] for example.

1 (ijk)=1(123),(231),(312), even permutations 1 izi
eijr=14 —1 (ijk)=(321),(213),(132), odd permutations ; 5,~j={0 l;] (107)
0 (ijk)=(112),(221),..., atleast2 equalindices J
€ijk = € (ei X ek) for aright-handed coordinate system
3 3
axb = Zei Ze,-jkajbk =ei6ijkajbk
i=1 k=1
3
(axb); = Zfijkajbk=€ijkajbk
k=1
3
a-b = Zaib,:a,b,
i=1
3
a = Zeiai:eiai
i=1
3
€ijk€kim = Zeijk€k1m=5il5jm—5im5jl
k=1
€ijk = €kij=€jki = —€jik=—€jkj = —€kji
o V- (VXW)=W:-VXV—Vv:-VXW
0 0 0
V-(vxw) = Vieijkvjwkza_xieijkl/jLUkZEijkwk oV +€ijkV; ax,

7 7
= €jjkWr| =—Vij| —€jik Vi — Wk
2) axi J Ji Jaxi

. 3 a
L W(VXV)_V(VXW)Z wiEijk (ax Vk) - Vieijk (ax wk)
Ji ]

2 2 0 d
= €ijWk 3_xl-yj —€jikVj a_x,-Wk =€ijkWk 3_xl-Vj —€jikVj a—xiLUk

Where renaming of indices and even/odd permutations of the epsilon symbol were used (moving an index left or right by
one position changes sign, moving an index by two position left or right does not)

o  Vx(gA)=gVxA+VgxA

(v x (gA), o8 aAk)

17
iik=— (8Ar)=€iik | Ax=— —_—
ezjkaxj (g k) Ez]k( kaxj+g é’xj

og 0
(Vg XA)i-i-(gV XA)i :Eijkﬁ_achk+g6ijk3_chAk
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o Vx(Vxg=V(V-g)-(V-V)g

17 17 17 17
(Vx(Vxg)), = eijij(VXg)ﬁﬂjkeklma—xj(a—xlgm)=(5il5fm Oim 51!)an (a_x,g'”)
o (e \ o(fa Y a(fa \ a(a
N 5)(?]' c’)xl-g] E)xj 3xjg’ _ax,- E)xjg] 6xj 3x]-g’
= (V(V-8);—((V-V)g),
Here, Schwarz’ lemma was used in the second last step.
o Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B
7 0A JB
(Vx(AxB)); = Eijka_xjeklmAle:(5i15jm_5im5jl) (Bma—xj-i-Al 6qu)
_ 5 A _p0A 0By 0B
- "0 xm ! dx;j "0xm ! Jx;
= (A(V-B)—B(V-A)+(B-V)A—(A-V)B),
_ 9B 04 0A_ 0B
"o g "o g jé’xj ]é’xj
° V(A-B)=AX(VxB)+Bx(VxA)+(B-V)A+(A-V)B
0 B; 0A;
(VA-B);, = —— (AB) A,a B]ﬁ
< (A><(VxB)+B><(VxA)+(B-V)A+(A-V)B)i
17 17 17 17
= eijkAjeklma_)cle+€ijkBj€klm5 An +B]a A"’FAja—ijl
JB JA 0A; JB;
= (5i15jm_5im5jl)Aja—xrln+Bj (5il5jm_5im5jl)Aja—m+Bj 6le A]a—xj
- 4 JBy, _A J B; 4B 3Am_BaA- B.aA,- Aa_B
= Ao YMon TP om  Uam  Viax  Yax
_ 4 3Bm+B 0A,
N mﬁxi mﬁx,-
o V-(fA)=A-Vf+fV-A
4 f
V-(fA) = —(fA;)= —_—
() = (A =asl s
o V(fg)=fVg+sVf
) ag  of
(V-(r8)); = a—xi(fg)—f‘9 T8

o A(Rf)=f(AR)+2(VR)-(Vf)+h(Af)

N Zj— (hf)= Zﬁ (roe+nst)

NS B EEA TN

f(Ah)+(Ah)- (Af) +(AR)-(Af)+h(AS)
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6 Gauss Divergence Theorem variants

To round this article, presented here are some standard textbook variants of Gauss’ Divergence Theorem that may be
found in many vector calculus textbooks.

o [, vydv=[  yds

In the following two derivations c is taken to be a constant non-zero arbitrary vector.
We use the general form of Gauss’ Divergence theorem:

f V~Ad\/=f A-dS (108)
v v

Now use A =c) in Gauss’ Divergence Theorem and the previous vector identity V- (yc) =c-Vy+ ¢ V-c:

J (c-Vz,D+1,UV-c)dV=f c-Vz,dezc-f Vydv
v v

v
J c¢~dS:c-f YdS
ov v

This gives upon comparison of the last terms in both lines:

cU VzpdV—J 1,[)dS)=0 N devzf dS
|4 ov |4 ov

o [,VxBdv=  dSxB

J V-(cy)dv

On the other hand, using A = ¢ x B in the Divergence Theorem and the vector identity V-(cxB)=B-V xc—c-V x Bwe
obtain the following result:

JV'(CXB)dV J(B-(ch)—c-(VxB))dV:—c-JVdeV
14 14 \%4

= J c><B-dS=c-J. BXdSZ—C-J n x BdS
v ov ov

In the last step I used cyclic permutations of the mixed product. Comparison of the last elements of both lines, and noting
the arbitrariness of the constant vector ¢ we get the form we wanted to proof.

o [, (VY +Ve-Vy)dV=[  ¢Vi-dS

To proove this identity (Green’s first identity) simply put A= ¢ V) into Gauss’ Divergence Theorem:

fv-(qu)dv = f(¢v2¢+v¢v¢)dv=f PV -dS
|4 |4 A%

o [, (@VY—yV2p)dV=[  (¢V)—pV§)-dS

To proove Green’s theorem we interchange the role of ¢ and /' and substract them from each other.

f (pVPY+V-Vip — V2 —Vip- V) dV=f (Vi) —yVe)-ds
|4 ov
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Summarizing we have found and prooved the following product rules:

v(fs)

V- (fA)
V(A-B)

V x (A XB)
V X (V xA)
V% (gA)
V-(AXB)
(B-V)A
A(hf)

VA

fVg+gvf

A-Vf+fV-A

AX(VxB)+Bx(VxA)+(B-V)A+(A-V)B
A(V-B)—B(V-A)+(B-V)A—(A-V)B

V(V-A)—(V-V)A

gV XA+VgxA

B-(VxA)—A-(VXxB)
%[Vx(A><B)+V(A~B)—A(V-B)+B(V-A)—A><(VxB)—Bx(VxA)]
fAR+2(Vh)-(Vf)+h(Af)

V(V-A)—V x(VxA)
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